A characterization is obtained for the matrices A with the property that every (some) Jordan basis of every A-invariant subspace can be extended to a Jordan basis of A. These results are based on a criterion for a Jordan basis of an invariant subspace to be extendable to a Jordan basis of the whole space. The criterion involves two concepts: the constancy property and the depth property.
is A-invariant. i.e., Ax EM for every x EM [the equality mj = k, for some i is interpreted as the indication that i is missing in the formula 0.3)]. The A-invariant subspaces that arise in this way, starting with any Jordan basis, are called marked in [2] . Equivalently, an A-invariant subspace M is caned marked if there is a Jordan basis for the restriction AIM: M -., M which can be extended (by adjoining to it new vectors) to a Jordan basis for A in en.
Generally, not every A-invariant subspace is marked (an example is given in [2] ). The existence of nonmarked invariant subspaces is sometimes overlooked in linear algebra texts. In this paper we characterize those matrices A for which every invariant subspace is marked. We also characterize the matrices A with a stronger property, namely, that every A-invariant subspace is strongly marked. Let us define this notion: an A-invariant subspace M is strongly marked if every Jordan basis of M can be extended (by adjoining new vectors) to a Jordan basis for A in en. These notions call our attention to a more general question: when can a given Jordan basis for an' A-invariant subspace be extended to a Jordan basis for the whole space en? We solve this problem in Section 2 in tenns of the height and depth of vectors and related properties. Another characterization Gn different tenns} of this extendability property is given in [1] .
These results are used in subsequent sections to characterize marked and strongly marked subspaces. This characterization goes as follows. (The multiplicities of a matrix A corresponding to its eigenvalue Ao are simply the sizes of the Jordan blocks with the eigenvalue Ao in the Jordan nonnal form of A.) THEOREM 
Then every A-invariant subspace is strongly marked.
The proofs of Theorems 1.1 and 1.2 will be given in Sections 3 and 4, respectively.
We conclude the introduction by remarking that it is sufficient to prove Theorems 1.1 and 1.2 (and Theorem 2.1 stated below) for the case when A has a single eigenvalue Ao (without loss of generality it can be assumed that Ao = 0). This follows readily from the well-known fact that every A-invariant subspace M can be written as where A l' ... , A r are all the distinct eigenvalues of A and is the root subspace of A corresponding to A j' Thus, it will be assumed in Sections 2, 3, and 4 that A is nilpotent: An = o.
HEIGHT AND DEPTH
Let A be an n X n nilpotent complex matrix. (ii) and the strict inequality
provided all vectors in (ij) and (iii) are nonzero. Also, for 0"* u E e", we
provided that Au "* O.
We address the question when a given Jordan basis B (1.2) for W can be extended to a Jordan basis for the whole space en, i.e., when there is a Jordan basis T in en such that B ~ T (as sets of vectors). The answer is based on two notions that we call the constancy property and the depth property. We say that a nonzero vector x has the constancy properly (CP) if either Ax = 0 or Ax =1= 0 and dpth( Ax) = dpth( x) + l.
A set S of nonzero vectors is said to have' the CP if every vector in S has the CPo In particular, the notion of the constancy property can be applied to a chain S = {x, Ax, ... , Ak -1 x}; thus, this chain has CP if and only if
, these equalities can be rewritten in the fonn
Also, if dpth(Ak-1x) = k -1, then necessarily dpth(x) = ° and (2.2) The main result of this paper is the following (which holds without the assumption that A is nilpotent, though the proof is given only for nilpotent A; see the end of Section 1). Proof. " If": Let be a Jordan basis for cn. It is enough to prove that C has the CP and the DP, for then any subset of C has the CP and the DP.
Let w be a nonzero vector in cn. Then w can be written uniquely as
Then, for p ~ 0, A,IW has the unique representation
where aij = ° whenever j < 0, i = 1, ... , t. If Aw =1= 0, then it follows easily that dpth( w) = min{ j: at least one of a ij , i = 1, ... , t, is nonzero). (2.4)
Thus, by (2.1), C has the CP, and, by applying (2.5) to (2.4) we see that C has the DP.
Hence if B is a subset of C, then B has the CP and the DP. "Only if": We suppose that W =1= C", for otheIWise of course there is nothing to prove. We consider two cases. In each case we construct a subspace W' which proper]y contains W and a Jordan basis B' ~ B for W' such that B' has the CP and the DP.
We say that a chain {u, Au, ... , Ak-1u}' is maximal if it is not contained (set theoretical1y) in a larger chain; in other words, a chain {u, Au, ... , Ak -lU} is maximal if dpth(u) = O. ' Yy E C, 'Yr '* 0, where 0 ~ r < d, such that w"* 0, x * 0, dpth( w) = dpth( x) = r, and, for v = w + x,
We then obtain 
By (2.10), there is a z E C" such that A'l+ lZ = V. Then
Since Let A be an n X n nilpotent matrix. We start with the following: PROPOSITION 
Suppose that every A-invariant subspace is marked.

Then the lengths of any two maximal chains (in a Jordan
we are basically in the situation [as far as (3.2) is concerned] when all the multiplicities of A are equal. But in this case (3.2) follows easily [see also the
Note that we cannot have h = k = 1, for then Aw = 0, contrary to assumption. So either h > 1 or k > 1. It is easily checked that ht(w) = max{h.k},
If h > k, it follows that ht( w) + dpth( w) = ht( Aw ) = dpth( Aw) = q,
In either case, (3.2) holds and the proposition follows.
• Hence (3.7) now follows from (3.8), and thus Bh has the DP. By induction, we obtain that Bk has the DP, and since Bk = B, the result follows.
• Proof of Theorem 1.1. We may assume that A is nilpotent. If the difference between the biggest and the smallest multiplicity of A is at least 2, then by Proposition 3.1 not every A-invariant subspace is marked. Conversely, assume that the multiplicities of A are equal to q and q -1, for some q ~ 2. In view of Propositions 3.2 and 3.3, every A-invariant subspace M has a Jordan basis with the DP that also has the CPo The theorem now follows from Theorem 2.1.
•
We can augment Theorem 1.1 by the following statement. (2) For all x E en" CO}, ht(x)+dpth(x) = q. (2) => (3): Clearly, (2) implies that every chain has the , CPo Let W be an invariant subspace for A. Since all Jordan bases for W contain the same number of eigenvectors, and by (2) , an eigenvectors have the same depth q -1, it follows that every Jordan basis for W satisfies the hypotheses of Proposition 3.3. Hence every Jordan basis for W has the OP. We now obtain (3) by Theorem 2.1. 
